The ferroelectric polarization of triangular-lattice antiferromagnets induced by helical spin-spiral order is not explained by any existing model of magnetic-order-driven ferroelectricity. We resolve this problem by developing a general theory for the ferroelectric polarization induced by spin-spiral order and then by evaluating the coefficients needed to specify the general theory on the basis of density functional calculations. Our theory correctly describes the ferroelectricity of triangular-lattice antiferromagnets driven by helical spin-spiral order and incorporates known models of magnetic-order-driven ferroelectricity as special cases. DOI: 10.1103/PhysRevLett.107.157202 PACS numbers: 75.85.+t, 71.20.Àb Multiferroics, displaying magnetic, polar, and elastic order parameters simultaneously, present fascinating fundamental physics [1, 2] and potentially promising applications [3] . Spin-spiral multiferroics [1,4,5] constitute a challenging and interesting class of ferroelectricity in which the ferroelectric polarization P is induced by a magnetic order that removes inversion symmetry. For multiferroics with cycloidal spin-spiral order (e.g., TbMnO 3 [6-8] and MnWO 4 [9,10]), the ferroelectricity is explained by the inverse Dzyaloshinskii-Moriya interaction [11] or, equivalently, by the spin current model of Katsura, Nagaosa, and Balatsky (KNB) [12] , leading to P ij / e ij Â ðS i Â S j Þ, where e ij is a unit vector connecting the two adjacent spins S i and S j . This model predicts that P is perpendicular to the direction of the magnetic modulation q / e ij (i.e., P?q). Triangular-lattice antiferromagnets such as CuFeO 2 and AgCrO 2 also exhibit ferroelectricity when they adopt a helical spin-spiral order [13] [14] [15] , in which the plane of the spin rotation is perpendicular to q. CuFeO 2 shows ferroelectric polarization when its magnetic structure has a helical spin-spiral order with q ¼ ðQ; Q; 0Þ, where Q % 1=3. The layered iodide MnI 2 was also found to be a multiferroic with helical spin-spiral order [16] . The experimental studies on CuFeO 2 and MnI 2 show that the P in the helical spin-spiral state with q ¼ ðQ; Q; 0Þ is parallel to q (i.e., Pjjq). This finding is not explained either by the symmetric exchange striction mechanism or by the KNB model. The charge transfer between metal and a ligand induced by spin-orbit coupling (SOC) was considered responsible for the ferroelectric polarization in a triangular lattice with helical spin-spiral order [17] with the prediction P ij / ðe ij Á S i ÞS i Àðe ij Á S j ÞS j . This polarization, known as the ''bond polarization '' [18], lies in the plane spanned by S i and S j , which is perpendicular to q, and hence contradicts the experimental observation [14, 16, 19] that Pjjq when q ¼ ðQ; Q; 0Þ. In short, to explain the ferroelectric polarization of triangular-lattice antiferromagnets with helical spin-spiral order, it is necessary to develop a general theory for the ferroelectric polarization driven by spin-spiral order.
Multiferroics, displaying magnetic, polar, and elastic order parameters simultaneously, present fascinating fundamental physics [1, 2] and potentially promising applications [3] . Spin-spiral multiferroics [1, 4, 5] constitute a challenging and interesting class of ferroelectricity in which the ferroelectric polarization P is induced by a magnetic order that removes inversion symmetry. For multiferroics with cycloidal spin-spiral order (e.g., TbMnO 3 [6] [7] [8] and MnWO 4 [9, 10] ), the ferroelectricity is explained by the inverse Dzyaloshinskii-Moriya interaction [11] or, equivalently, by the spin current model of Katsura, Nagaosa, and Balatsky (KNB) [12] , leading to P ij / e ij Â ðS i Â S j Þ, where e ij is a unit vector connecting the two adjacent spins S i and S j . This model predicts that P is perpendicular to the direction of the magnetic modulation q / e ij (i.e., P?q). Triangular-lattice antiferromagnets such as CuFeO 2 and AgCrO 2 also exhibit ferroelectricity when they adopt a helical spin-spiral order [13] [14] [15] , in which the plane of the spin rotation is perpendicular to q. CuFeO 2 shows ferroelectric polarization when its magnetic structure has a helical spin-spiral order with q ¼ ðQ; Q; 0Þ, where Q % 1=3. The layered iodide MnI 2 was also found to be a multiferroic with helical spin-spiral order [16] . The experimental studies on CuFeO 2 and MnI 2 show that the P in the helical spin-spiral state with q ¼ ðQ; Q; 0Þ is parallel to q (i.e., Pjjq). This finding is not explained either by the symmetric exchange striction mechanism or by the KNB model. The charge transfer between metal and a ligand induced by spin-orbit coupling (SOC) was considered responsible for the ferroelectric polarization in a triangular lattice with helical spin-spiral order [17] with the prediction P ij / ðe ij Á S i ÞS i Àðe ij Á S j ÞS j . This polarization, known as the ''bond polarization'' [18] , lies in the plane spanned by S i and S j , which is perpendicular to q, and hence contradicts the experimental observation [14, 16, 19] that Pjjq when q ¼ ðQ; Q; 0Þ. In short, to explain the ferroelectric polarization of triangular-lattice antiferromagnets with helical spin-spiral order, it is necessary to develop a general theory for the ferroelectric polarization driven by spin-spiral order.
In this Letter, we resolve the aforementioned issue first by developing a general theory for the ferroelectric polarization induced by spin spiral on the basis of symmetry considerations and then by evaluating the coefficients needed to specify the general theory on the basis of density functional calculations for MnI 2 as a representative example. We demonstrate that our theory correctly describes the ferroelectric polarization of MnI 2 , and the existing models of magnetic-order-driven ferroelectricity are special cases of our theory.
Let us first consider a spin dimer (i.e., a pair of adjacent spin sites) with spatial inversion symmetry at the center. Without loss of generality, the distance vector from spin 1 to spin 2 will be taken along the x axis. A noncollinear spin arrangement of the dimer removes the inversion symmetry and hence induces ferroelectric polarization P. In general, P is a function of the directions of spin 1 and spin 2 (with unit vectors S 1 and S 2 , respectively), namely, P ¼ PðS 1x ; S 1y ; S 1z ; S 2x ; S 2y ; S 2z Þ. In principle, therefore, P can be expanded as a Taylor series of S i (i ¼ 1; 2; ¼ x; y; z). The time-reversal symmetry requires that inverting both spin directions leave the electric polarization unchanged. Thus, the odd terms of the Taylor expansion should vanish. If the fourth and higher order terms are neglected, P is written as
where the intrasite polarization P i ðS i Þ (i ¼ 1; 2) and the intersite polarization P 12 ðS 1 ; S 2 Þ are given by
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Here the expansion coefficients P i and P 12 are vectors. The above expressions show that P i [20] . The latter relation shows that the diagonal coefficients P 12 ¼ 0, so the intersite polarization can be expressed as
where ðS 1 Â S 2 Þ refers to the ð¼ x; y; zÞ component of the vector (S 1 Â S 2 ). By using similar notations for the x, y, and z components of the vectors P 12 , Eq. (3a) is rewritten as
with the 3 Â 3 matrix M: 
Given that the distance vector from spin 1 to spin 2 is taken along the x axis, the bond polarization model [18] is a special case of the intrasite polarization in which the only nonzero coefficients are P 
, the intrasite term reduces to the bond polarization model and the intersite term to the KNB model.
To specify the intrasite and intersite polarizations described above, one needs to determine the expansion coefficients P i (i ¼ 1; 2) and P 12 . We evaluate these coefficients for a spin dimer of MnI 2 [ Fig. 1(a) ] as a representative example, on the basis of density functional calculations. We adopt the LDA þ U þ SOC approach to calculate electric polarizations [20] . MnI 2 crystallizes in the CdI 2 -type structure with MnI 2 layers stacked along the c axis [see the left inset in Fig. 1(a) ]. In the Mn triangular lattice, each Mn 2þ ion has six nearest neighbor (NN) Mn 2þ ions. The structure of an isolated Mn 2 I 10 cluster (i.e., a spin dimer), namely, an isolated Mn-Mn pair plus its 10 first-coordinate I atoms, is shown in the upper-right inset in Fig. 1(a) . Each NN Mn-Mn pair contributes to the total electric polarization. To characterize the ferroelectric polarization arising from one pair of NN Mn 2þ ions in MnI 2 , we isolate a Mn-Mn pair in a 5 Â 5 Â 1 supercell of MnI 2 and replace all other Mn 2þ ions with nonmagnetic Mg 2þ ions, as depicted in Fig. 1(a) . (A more accurate method for calculating the coefficients of the intersite term requires no substitution of Mn 2þ ions with nonmagnetic ions such as Mg 2þ ions [20] and will be referred to as the no-substitution method.) When the SOC effect is excluded in the density functional calculations, the electric polarizations become zero so that the SOC effect is essential for the occurrence of ferroelectricity in helical spinspiral systems.
The expansion coefficients P i (i ¼ 1; 2) and P 12 for a given spin dimer can be readily determined by mapping analysis once its polarizations are calculated for a set of carefully chosen noncollinear spin arrangements. To 
. Other offdiagonal intrasite coefficients, P xz 1 and P yz 1 , can be evaluated in a similar manner [20] . The diagonal coefficients of the intrasite polarization can be determined by calculating the electric polarizations for the six spin arrangements I-VI of the spin dimer specified in Table II . According to Eq. (2), the polarizations of these spin arrangements have the relationships
Two of these three equations are linearly independent, but only the two independent parameters (P xx 1 À P yy 1 ) and (P xx 1 À P zz 1 ) are needed in calculating the sum of the diagonal contributions of the two intrasite polarizations because of the relationship P 1 ¼ ÀP 2 [20] . The electric polarizations of the above six spin arrangements can also be used to extract the coefficients of the intersite polarization P 12 , that is, P xy 12 ¼ ðP I À P II Þ=2, P xz 12 ¼ ðP III À P IV Þ=2, and P yz 12 ¼ ðP V À P VI Þ=2 [20] .
Our calculations for the spin dimer of MnI 2 and mapping analyses as outlined above show that the coefficients of the intrasite polarization are P A. Note that the expression of the intrasite polarization differs from that of the bond polarization model (see above). The coefficients of the intersite polarization extracted by using the nosubstitution method [20] Figure 1(b) illustrates the differences between the KNB and gKNB models in predicting the polarization P for three different spin arrangements of the Mn-Mn dimer. Given the expansion coefficients P 12 extracted as described above, one can predict the P of the Mn-Mn dimer with various spin arrangements by using Eq. (1). To show that the gKNB model can indeed predict the P of the Mn-Mn pair with arbitrary spin orientations, we compute P for several spin arrangements of the Mn-Mn dimer directly from density functional calculations. For convenience, we keep the first Mn spin along the x direction and rotate the second Mn spin in the xy plane in these spin arrangements. Then, the P is found to lie in the yz plane. Importantly, the polarization predicted by the gKNB model is in excellent agreement with the value calculated directly from density functional calculations for the spin dimer [see Fig. 1(c) ]. This validates our analysis of the electric polarization without considering the fourth and higher order terms.
With the electric polarizations calculated for various NN Mn-Mn pairs, we now estimate the electric polarization of MnI 2 with helical spin-spiral order in terms of only the intersite term, because the sum of all intrasite terms for any helical spin-spiral arrangement is zero. Since each Mn spin site i has six NN Mn spins kð¼ 1-6Þ, the total polarization P tot i at the site i is written as P tot i ¼ P 6 k¼1 P ik . In the case of spin spiral, P tot i is the same for all i sites, so we consider only the polarization associated with site 0 shown in Fig. 2(a) , for which P
0k refers to the matrix for the intersite polarization for pair 0 and k. In the local ðx; y; zÞ coordinate system defined in Fig. 1(a) , our calculations show that for q ¼ ðQ;0;0Þ, P ffiffiffi 3 p =2B; 0Þ with B ¼ ðM 11 þ 3M 22 À 4M 11 cos2QÞ sin2Q. Thus, the gKNB model predicts that P?q when q ¼ ðQ; 0; 0Þ, but Pjjq in the case of q ¼ ðQ; Q; 0Þ, as found experimentally [16] , and that the polarization reverses with the change in the spin chirality (q to Àq), in accord with experiment. The gKNB model shows that the polarization in both cases depends only on two elements of the matrix M, i.e., M 11 and M 22 , both of which are zero in the KNB model. In Fig. 2(b) , we plot the magnitude of the polarization as a function of Q for the cases of q ¼ ðQ; 0; 0Þ and q ¼ ðQ; Q; 0Þ. The plot is symmetric with maximum at Q ¼ 0:25 in the case of q ¼ ðQ; 0; 0Þ but is slightly asymmetric with maximum at Q ¼ 0:225 in the case of q ¼ ðQ; Q; 0Þ. We determine the total ferroelectric polarization of MnI 2 in the helical spin-spiral state with q ¼ ð0:181; 0; 0:439Þ, observed in the absence of an applied magnetic field, directly from density functional calculations by approximating the incommensurate state with the commensurate helical spin-spiral state with q ¼ ð1=3; 0; 0Þ by using a 3 Â 1 Â 1 supercell. Our calculations show that the electric polarization of this state is 58:8 C=m 2 along the [100] direction, as shown in Fig. 2(a) . Thus, our density functional calculations show that P?q, in agreement with experiment [16] [16] . As can be seen from Figs. 2(c) and 2(d), the gKNB model not only predicts the correct direction of the polarization but also gives a rather accurate magnitude of the polarization for the cases of q ¼ ðQ; 0; 0Þ and q ¼ ðQ; Q; 0Þ. Our theory of ferroelectric polarization is general and is expected to provide accurate predictions when applied to other multiferroics driven by spin-spiral magnetic order.
In the local coordinate system ðX; Y; ZÞ chosen to minimize the magnitudes of the diagonal elements of the matrix M [see the lower-right inset in Fig. 1(a) ; the Y axis is close to the distance vector between the two I atoms forming the shared octahedral edge between the adjacent Mn atoms], the matrix M of Eq. (5) [20] on the basis of the model Hamiltonian similar to that employed by Jia et al. [18] . This analysis shows [20] that the large difference between ðP 
